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We demonstrate the use of optimal data analysis to obtain a hierarchically 

optimal classification tree-based propensity score model for an application 

with three (treatment) groups, and to assess outcome differences between 

treatment groups after weighting observations by propensity scores to 

reduce threats to causal inference. 

 

Studies in which the participants are randomized 

to treatment conditions are considered the gold 

standard for assessing causal inference, because 

randomization putatively ensures that the study 

groups do not systematically differ with respect 

to their characteristics, and consequently that 

estimated treatment effects may be assumed to 

be unbiased.1 When randomization is infeasible, 

investigators rely on statistical techniques to 

model treatment assignment2-8 in order to con-

trol for threats to validity which may compro-

mise causal interpretation of the results.9-13 

A common approach used to estimate 

treatment effects in studies involving multiple 

treatment arms is to first estimate propensity 

scores using multinomial logistic regression, 

then compute the inverse probability of treat-

ment weights, and finally use treatment weights 

in a weighted regression to evaluate outcomes.8 

 

A recent paper demonstrated performing 

this process using two machine learning algo-

rithms—boosted regression to compute the 

probabilities of treatment, and optimal data 

analysis14-18 (ODA) to evaluate the weighted 

outcomes, thereby avoiding all assumptions 

required by conventional parametric methods.19 

A second paper demonstrated use of the 

random forest algorithm to compute the proba-

bilities of treatment, and ODA to evaluate the 

weighted outcomes.20 In both studies (using 

boosted regression and random forests) ODA 

identified no difference in propensity score-

weighted outcomes between class categories. 

The present paper demonstrates how to 

perform this process using the ODA algorithm 

to compute the probabilities of treatment and to 

evaluate the weighted outcomes, thus yielding 

maximum possible predictive accuracy while 

requiring no distributional assumptions.17,18 
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Methods 

Data 

Data for our empirical example are taken from a 

disease management program for patients with 

congestive heart failure (CHF), which was im-

plemented in a large health plan located in the 

western USA.6,8 Individuals with CHF were 

contacted and invited to enroll in the program. 

Those agreeing to participate received one of 

the following interventions: (1) periodic tele-

phone calls (CALL), from a nurse to discuss 

self-management behaviors (n=654), or (2) re-

mote tele-monitoring (RTM), entailing daily 

electronic transmission of the participant’s dis-

ease-related symptoms to a database followed 

by a call from the nurse if symptoms appeared 

to indicate the onset of an acute exacerbation 

(n=705). Assignment to either intervention arm 

was conducted by the program nurse and based 

largely on subjective assessment of the patient’s 

psychosocial needs, past levels of health care 

utilization, and the patient’s preferred level of 

contact.21-23 The primary goal of the interven-

tion was to reduce avoidable hospitalizations.24 

Patients with CHF, but not participating in the 

program, received their usual medical care and 

were assigned as  CONTROL (n=6612) patients 

in this study (see [6], and [8] for a comprehen-

sive description). 

 Ordinal pre-intervention variables (or 

“attributes” in the ODA paradigm) available to 

discriminate the CALL, RTM and CONTROL 

groups (a three-category “class” variable) 

included age; number of prescriptions; number 

of admissions; number of ER visits; number of 

office visits;  and days in hospital. Binary “yes 

vs. no" pre-intervention variables included 

diabetes without complications; diabetes with 

complications; mild liver disease; moderate to 

severe liver disease; cancer; metastatic cancer; 

chronic obstructive pulmonary disease; rheuma-

toid arthritis; congestive heart failure; cerebral 

vascular disease; peripheral vascular disease; 

renal disease; HIV/AIDS; and dementia. 

 The OUTCOME variable was number of 

hospitalizations in the year after the individual 

entered the study. 

 

Analytic Process 

Data analysis reported herein was conducted via 

MegaODA software, which is available at no 

cost for individual non-commercial use.17,25-32 

Additional interfaces for MegaODA software 

are available for the R suite33 and for Stata34 (to 

download the oda package, at the Stata com-

mand line type: ssc install oda). 

In the ODA paradigm, the accuracy that 

is obtained by a model is corrected to eliminate 

the effect of chance. This is accomplished by 

computing the effect strength for sensitivity 

(ESS) index on which 0 represents the classifi-

cation accuracy expected by chance, 100 indi-

cates perfect (errorless) classification, and 

values less than 0 indicate accuracy which is 

less than what is expected by chance.18,30 

The first step of the analysis employs 

MegaODA to conduct hierarchically-optimal 

(HO) classification tree analysis (CTA) to 

identify the model which most accurately 

classified the three class categories.35,36 First, all 

attributes which have three or more levels are 

used to identify the first node of the HO-CTA 

model.37-40 Second, for all attributes having 

fewer levels (e.g., a binary attribute) than the 

class variable (e.g., a multicategorical attribute), 

the roles of the class variable and attribute are 

switched.41 This will cause one endpoint in the 

developing tree model to combine two of the 

three class categories. Accordingly, deeper in 

the tree, additional attributes may be identified 

that disentangle comingled class categories—if 

such inclusion yields a tree model with greater 

ESS. Third, when a tree model cannot be further 

grown then it is pruned to identify the structure 

that yields maximum ESS.42,43 

In the second step of the analysis the 

CTA model having maximum ESS is used to 

generate propensity score weights. This process 
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is performed by first computing propensity 

scores for every observation in the sample    

(i.e., the probability of being in the treatment 

category endpoint), and then weights are com-

puted based on those propensity scores.44.45 

In the third (final) step of the analysis, 

the propensity score weight is specified as a 

weight in the ODA software and the outcome 

analysis is conducted. 

 

Results 

ODA was used to evaluate the unadjusted effect 

of the intervention, comparing the outcome of 

all three participant groups without propensity-

score weighting. The optimal model was:  

     if outcome=0 then class=CONTROL; 

     if 0<outcome≤4 then class=CALL; 

     if outcome>4 then class=RTM. 

This model had p<0.0001, and ESS= 

5.73%, indicating a weak effect.17 The model 

was stable in leave-one-out (LOO) jackknife 

cross-generalizability analysis, p<0.0001.46,47 

Classification performance of this model in 

training and LOO analyses is shown in Table 1. 

Table 1: Unadjusted Classification Performance  

Actual               Predicted Class           

Class          Control    Call    RTM     Sensitivity 

Control        5356      1210     46           81.0% 

Call                457        189       8           28.9% 

RTM              528        166      11             1.6% 

PV             84.5%    12.1%   16.9% 

--------------------------------------------------------- 

Note: PV=predictive value 

HO-CTA was then used to identify the 

best model predicting observation actual class 

assignments. A single-attribute model involving 

age emerged as the strongest model possible for 

the present data (ESS=17.18%, a relatively 

weak effect17), p<0.0001. This model was stable 

in LOO analysis, p<0.0001. All other CTA 

models using ordinal attributes had ESS<11%, 

which eroded if additional attributes were 

included in the model. No “inverted” CTA 

models using binary attributes achieved ESS 

exceeding 10%. The single-attribute model 

yielding maximum ESS for these data was: 

     if age<60 then class=CONTROL; 

     if 59<age≤64 then class=CALL; 

     if age>64 then class=RTM. 

 This model had p<0.0001, and ESS= 

17.18%, indicating a weak effect. The model 

was stable in LOO analysis, p<0.0001. Classifi-

cation performance of this model in training and 

LOO analyses is shown in Table 2. These 

results were used to create propensity score 

weights. 

Table 2: Classification Performance of 

HO-CTA Model Predicting Actual Class 

Actual               Predicted Class           

Class          Control    Call    RTM     Sensitivity 

Control        2807      1139    2666        42.4% 

Call                208        141       305        21.6% 

RTM              117          92       496         70.4% 

PV             89.6%    10.3%   14.3% 

--------------------------------------------------------- 

Note: PV=predictive value 

 Finally, ODA was used to evaluate the 

propensity-score adjusted effect of the interven-

tion, comparing the outcome of all three partici-

pant groups with propensity-score weighting. 

The optimal model was:  

 

     if outcome≤1.5 then class=CONTROL; 

     if 1.5<outcome≤6.5 then class=CALL; 

     if outcome>6.5 then class=RTM. 

This model had p<0.0027, and weighted 

ESS=2.19%, indicating a weak effect. The 

model was stable in LOO analysis, p<0.0022. 
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Classification performance of this model in 

training and LOO analyses is shown in Table 3. 

Table 3: Propensity-Score Adjusted 

Classification Performance  

Actual               Predicted Class           

Class          Control    Call    RTM   wSensitivity 

Control        6168        429     15           92.3% 

Call                576          77        1           12.0% 

RTM              632          72        1              0.1% 

wPV            89.6%     9.5%   2.6% 

--------------------------------------------------------- 

Note: wSensitivity=weighted sensitivity, 

wPV=weighted predictive value 

 

Discussion 

 

A common approach for estimating treatment 

effects in studies with multiple treatment arms 

involves estimating propensity scores vis-à-vis 

multinomial logistic regression, then computing  

the inverse probability of treatment weights, and 

finally using the treatment weights in weighted 

regression to evaluate outcomes. For data used 

in this study neither boosted regression nor ran-

dom forest approaches were able to distinguish 

outcomes between treatment modalities.19,20 In 

contrast, we found a statistically significant dif-

ference in outcomes between treatment groups 

using propensity score weights developed using 

a multicategorical ODA model.  

An important ubiquitous limitation of re-

search is the use of low-fidelity binary measures 

such as gender (male, female).48 A problem with 

binary measures treated as a class variable, or as 

an attribute, is their use may not be statistically 

motivated. For example, comparison between, 

or measure of, incidence of “black” vs. “white” 

cancer patients creates paradoxical confounding 

if different subgroups of either or both catego-

ries exist. That is, combining low- and high-risk 

groups can create composite groups which don’t 

represent any of the observations in the com-

bined sample.49 

An important irreconcilable limitation of 

logistic regression analysis50 and least-squares 

regression analysis51 is inability to use multicat-

egorical variables as attribute or class variable. 

In the present study several ordinal measures 

were discretized to allow their analysis using 

multinomial regression. For example, a three-

level measure of diabetes was deconstructed 

into two binary attributes: diabetes without 

complications (0=no; 1=yes), and diabetes with 

complications (0=no; 1=yes). In the present 

article this coding was used to facilitate direct 

comparison between boosted regression and 

ODA.19 However, for ODA these two variables 

could be integrated into a single three-category 

scale (0=no diabetes; 1=diabetes without com-

plications; 2= diabetes with complications) 

which is more parsimonious and potentially 

more informative: (a) complicated diabetes 

might be separated from the combination of no 

diabetes and mild diabetes; (b) no diabetes 

might be separated from the combination of 

diabetes with and without complications; or (c) 

no diabetes might be separated from diabetes 

without complications, which might be separat-

ed from diabetes with complications. Note that 

this limitation of regression analyses applies 

regardless of whether the variable serves as a 

dependent (attribute) or independent (class) 

variable. 

Parallel arguments may be made for the 

use of ordinal (e.g., Likert-type) variables as 

class variables, or as attributes.52 Taken to the 

limit this line of consideration suggests that the 

greater the fidelity of the variables which are 

used in research, the more powerful the effects 

which may be discovered. In this regard, novo-

metric statistical analysis empowers maximum-

accuracy analysis of ratio-level measures.53-58 

CTA analysis of multicategorical class 

variables with many levels are computationally 

demanding, particularly when a phenomenon 

under investigation has a functional relationship 
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which involves parabolic59 or more complex 

non-linear shapes. While novometric analysis of 

such phenomena lies outside the capability of 

present computing machinery, the advent of 

quantum computing architecture offers the 

promise of rendering such analyses viable.60  

Finally, although the propensity-score 

weighted estimated effect was statistically 

significant and stable in LOO cross-general-

izability analysis, the first Axiom of novometric 

analysis maintains that the 95% exact discrete 

confidence interval for the model lies outside 

the corresponding confidence interval for 

chance, based on sample data.61,62 While this 

methodology is available32 in the R suite for 

binary class variables, it is not yet available (but 

is currently being constructed) for multicategor-

ical class variables. 
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