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After any algorithm which controls the growth of a classification tree 

model has completed, the resulting model must be pruned in order to 

explicitly maximize predictive accuracy normed against chance. This 

article illustrates manually-conducted maximum-accuracy pruning of      

a classification and regression tree (CART) model that was developed   

to predict the functional capacity of lower limb prosthesis users. 

 

 

Recent research
1
 used a CART model (Figure 1) 

to “…assist with the rehabilitation teams’ care 

planning, providing probabilities of functional 

potential for the lower limb prosthesis user” (p. 

2). The nonrandomized study compared samples 

of limited (class L, N=123) vs. unlimited mobil-

ity (class U, N=431) ambulatory patients.
2
 The 

CART model
3
 used eight attributes to define 

nine predicted patient strata: classification 

accuracy ranged from 53.8% to 96.7%. 

 Table 1 summarizes the classification 

accuracy obtained using CART to classify the 

total sample of 554 observations in training 

analysis. Sensitivity results indicate the model 

correctly classified 77.24% of 123 limited 

ambulatory people—this percent of predictive 

accuracy compares well vs. chance for which, if 

defined as a uniform random number, 50% 

accuracy is expected.
4
 The model also correctly 

classified 90.26% of 431 unlimited ambulatory 

people—comparing very well vs. chance. 

The effect strength for sensitivity (ESS) 

index (a function of the mean sensitivity across 

classes) is used to summarize model overall 

classification accuracy after adjusting for the 

performance expected chance: ESS=0 is the ac-

curacy expected by chance; ESS=100 is perfect 

accuracy; and ESS<0 is accuracy worse than 

expected by chance.
4
 

The rule-of-thumb used to qualitatively 

summarize effect strength after adjusting for 

chance is: ESS<25 is a relatively weak effect; 

ESS<50 a moderate effect; ESS<75 a relatively 

strong effect; and ESS>75 indicates increasingly 

strong levels of effect size.
5-8

 

For the model in Figure 1, training ESS= 

67.5—a relatively strong effect.  
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Figure 1: Fully-Grown Matlab
®
 CART Classification Tree Model

1
 

Table 1: Confusion Table for Fully Grown 

Matlab CART Model in Figure 1 

(Sens=Sensitivity; PV=Predictive Value) 
 

                                  Predicted        

     Actual          Limited    Unlimited    Sens 

   Limited              95               28         77.24 

   Unlimited          42               389         90.26 

        PV              69.34         93.29 

Predictive value findings in training 

analysis indicate the model is correct 69.34% of 

the time that it makes a point prediction that an 

observation is from class L (137 of such point 

predictions were made), and 93.29% of the time 

when predicting an observation is from class U 

(417 such predictions). The effect strength for 

predictive value (ESP) index, a function of 

mean PV over class categories, summarizes the 

model omnibus chance-adjusted PV for the 

application: unlike sensitivity, model PV varies 

over base rate and thus is estimated for different 

base rates.
9
 Qualitative strength is determined as 

for ESS: here ESP=62.63—a relatively strong 

effect. In novometric theory, 95% exact discrete 

confidence intervals are obtained for the model 

and for chance (for all performance measures): 

overlap of CIs indicates the absence (lack) of 

statistical significance.
10
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ESS and ESP indices assess translational 

chance-adjusted accuracy obtained by the model 

when used in application with the entire sample 

or with individual subjects, respectively. When 

considered from an applied perspective, a fully-

loaded model which explicitly maximizes the 

empirically-achievable ESS (or ESP) offers the 

most information available regarding alternative 

pathways toward and away from the outcome. 

However, when evaluated from a theo-

retical perspective such models are considered 

over-fit: the sought-after model reflects both 

explanatory power (strongest possible ESS) and 

parsimony (fewest possible outcome strata). 

Theoretical quality of an empirical model is de-

fined in terms of the discrepancy (distance) 

between achieved vs. the corresponding perfect 

model.
11

 This is quantified by the D (distance) 

statistic that norms ESS for parsimony: smaller 

D values indicate better combinations of accu-

racy and parsimony, and D=0 indicates a perfect 

model (number of strata is a function of measure 

granularity and attribute distributions).
12

 

For the fully-grown S-PLUS tree model, 

ESS normed for parsimony is DESS=4.33, so 

4.33 additional strata having equivalent mean 

ESS are needed to obtain a “perfect” model 

(DPV=5.37). All fully-grown tree models require 

optimal pruning to explicitly maximize ESS.
13

 

Optimal Pruning to Maximize ESS 

The optimal pruning algorithm consists of two 

simple steps which are straightforward to apply 

manually. Optimal pruning is the only way to 

ensure that a classification tree model explicitly 

maximizes ESS for the sample—no matter what 

algorithm was used in its development. Optimal 

pruning was previously demonstrated for CART 

and CTA tree models.
13-16

 

The first step of optimal pruning requires 

identifying all sub-branches of every emanating 

branch. Imagine a left-hand branch having three 

nodes: A (root), B (middle attribute), and C (end 

of branch). There are two nested sub-branches: 

one involving only nodes A and B (C collapsed 

into B), the other involving only node A (C and 

B collapsed into A). Here the left branch having 

three nodes (A, B, C) is called L3; the trimmed 

left branch having two nodes (A, C collapsed 

into B) is L2; and the trimmed left branch with 

only one node (C and B collapsed into A) is L1. 

Imagine also the hypothetical tree model has a 

right-hand branch with two nodes: A (the sides 

share the root attribute) and D (end of branch). 

The right branch having two attributes (A, D) is 

called R2, and the trimmed right branch with 

one attribute (D collapsed into A) is called R1. 

The first step in optimal pruning in this 

application is seen in Figures 2A through 3F. 

Figure 2A: L1 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           68               --- 

              Class U           37               --- 

Figure 2B: L2 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           51               17 

              Class U           13              24 
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Figure 2C: L3 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           65                  3 

              Class U           25                12 

 

Figure 3A: R1 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           ---                 55 

              Class U           ---             401 

 

 

 

 

Figure 3B: R2 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           47                   8 

              Class U         117            236 

 

Figure 3C: R3 Sub-Branch and Confusion Table 

 
                          Predicted 

Actual        Class L     Class U 

              Class L           40                15 

              Class U           74            327 
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Figure 3D: R4 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           37               18 

              Class U           38            356 

Figure 3E: R5 Sub-Branch and Confusion Table 

 
 

                                       Predicted 

Actual        Class L     Class U 

              Class L           18               37 

              Class U             8           386 

Figure 3F: R6 Sub-Branch and Confusion Table 

 
                                       Predicted 

Actual        Class L     Class U 

              Class L           30                 25 

              Class U           17            377 

Step Two of optimal pruning requires 

creating a confusion table (rows indicate actual 

class category, columns indicate class category 

predicted by the model) for all 18 combinations 

of left and right sub-branch: {L1-R1, L1-R2 …  

L1-R6}, {L2-R1, L2-R2 … L2-R6}, {L3-R1, 

L3-R2 … L3-R6}. 
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Table 2 gives integrated confusion tables 

and associated ESS and D statistics for every 

unique combination of left and right branches: 

red font highlights the specific combinations 

yielding strongest ESS and D statistics. 

The model (combination) with greatest 

ESS has greatest translational significance—

providing the most accurate classification possi-

ble given present knowledge. The model having 

lowest associated D has greatest theoretical 

significance—the closest approximation to a 

perfect model given present knowledge.  

Table 2: Classification Results for Every 

Combination of Left (L1-L3) and 

Right (R1-R6) Sub-Branch 

Model                        Confusion Table                

L1-R1                               Predicted                       

        Actual            Class L          Class U 

      Class L                68                  55  

      Class U                  37                401 

                                 ESS=46.8, D=2.27                                               

Model                        Confusion Table                

L1-R2                               Predicted                       

        Actual            Class L          Class U 

      Class L               115                     8  

      Class U                 154                 236 

                                  ESS=54.0, D=2.55                                               

Model                        Confusion Table                

L1-R3                               Predicted                       

        Actual            Class L          Class U 

      Class L               108                   15  

      Class U                 111                 327 

                                  ESS=62.5, D=2.40                                               

Model                        Confusion Table                

L1-R4                               Predicted                       

        Actual            Class L          Class U 

      Class L               105                   18  

      Class U                   75                 356 

                                  ESS=68.0, D=2.36                                               

Model                        Confusion Table                

L1-R5                               Predicted                       

        Actual            Class L          Class U 

      Class L                 86                   37  

      Class U                   45                 386 

                                  ESS=59.5, D=4.09                                               

Model                        Confusion Table                

L1-R6                               Predicted                       

        Actual            Class L          Class U 

      Class L                 98                   25  

      Class U                    54                 377 

                                  ESS=67.1, D=3.43                                               

Model                        Confusion Table                

L2-R1                               Predicted                       

        Actual            Class L          Class U 

      Class L                  51                 72  

      Class U                    13               425 

                                  ESS=55.6, D=2.40                                               

Model                        Confusion Table                

L2-R2                               Predicted                       

        Actual            Class L          Class U 

      Class L                 98                  25  

      Class U                 130                260 

                                 ESS=46.3, D=4.63                                               

Model                        Confusion Table                

L2-R3                               Predicted                       

        Actual            Class L          Class U 

      Class L                91                   32  

      Class U                  87                 351 

                                ESS=54.1, D=4.24                                               

Model                        Confusion Table                

L2-R4                               Predicted                       

        Actual            Class L          Class U 

      Class L                 88                  35  

      Class U                    51                380 

                                ESS=59.7, D=4.05                                               
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Model                        Confusion Table                

L2-R5                               Predicted                       

        Actual            Class L          Class U 

      Class L                 69                  54  

      Class U                    21                410 

                                ESS=51.2, D=6.66                                               

Model                        Confusion Table                

L2-R6                               Predicted                       

        Actual            Class L          Class U 

      Class L                81                   42  

      Class U                  30                 401 

                                ESS=58.9, D=5.58                                               

Model                        Confusion Table                

L3-R1                               Predicted                       

        Actual            Class L          Class U 

      Class L                65                   58  

      Class U                  25                 413 

                                ESS=47.1, D=4.49                                               

Model                        Confusion Table                

L3-R2                               Predicted                       

        Actual            Class L          Class U 

      Class L                112                 11 

      Class U                  142               248 

                                ESS=54.6, D=4.15                                               

Model                        Confusion Table                

L3-R3                               Predicted                       

        Actual            Class L          Class U 

      Class L                105                 18  

      Class U                     99               339 

                                 ESS=62.8, D=3.56                                               

Model                        Confusion Table                

L3-R4                               Predicted                       

        Actual            Class L          Class U 

      Class L                102                  21  

      Class U                     63                368 

                                ESS=68.3, D=3.25                                               

 

 

Model                        Confusion Table                

L3-R5                               Predicted                       

        Actual            Class L          Class U 

      Class L                 83                  40  

      Class U                    33                398 

                                ESS=59.8, D=5.37                                               

Model                        Confusion Table                

L3-R6                               Predicted                       

        Actual            Class L          Class U 

      Class L                95                   28  

      Class U                  42                 389 

                                ESS=67.5, D=4.33                                               

Explicitly optimized models are the 

combination(s) of left and right sub-branches 

with associated confusion table yielding the 

maximum ESS, and yielding minimum D. 

As seen in Table 2, the L1-R1 combina-

tion illustrated in Figure 4 has lowest D=2.27, 

indicating that 2.27 additional effects with mean 

ESS=68.3 are needed to obtain a theoretically 

perfect model.
12

  

Figure 4: Minimum D “L1-R1” Model 

 

Viewed theoretically, moderate accuracy 

obtained using Prosthetic Limb Users Survey of 

Mobility T-Score (PLUS-M) score to discrim-

inate L vs. U samples stands alone among the 

variables studied: any other variable produces a 

model with greater D. Mediocre accuracy hints 

at scoring imprecision attributable to use of a 

single rather than multifactorial index, and of 

need to identify factors which affect ambulatory 

status that are not assessed on the PLUS-M. 
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Figure 5: Maximum ESS “L3-R4” Model Discriminating Ambulatory Status

Viewed translationally, Table 2 shows 

the L3-R4 combination (Figure 5) has the 

greatest ESS (68.3), a relatively strong effect. 

Data which are available for this study
1
 (Figure 

1) can’t address stability of training vs. validity 

accuracy of models discussed herein. However, 

age cutpoints are defined to the first decimal and 

the PLUS-M cutpoints to the second: observa-

tions having values bordering these cutpoints 

may be misclassified in validity analysis. 

Left- and right-hand sides of the L3-R4 

model are highly parallel. Age enters both sides 

of the root node, and the cutpoint values vary by 

1.02%. This configuration theoretically could be 

modeled linearly if it was known that a cutpoint 

of 36.75 points on PLUS-M score mediated the 

effect, and the cutpoint for age lies somewhere 

between 58.8 and 59.4 years. 

Unique to the right-hand-side of the 

model, PLUS-M score next enters the model for 

older observations (at this point a linear model 

becomes unusable). The cutpoint here is notably 

higher (no normative data) than occurred for the 

root variable: 92.9% of patients with a score of 

at least 49.95 points were summarily classified 

as members of class U. 

Both sides of the model end (the left on 

the right, the right on the left) using cause of 

amputation as the final attribute: points of 

agreement between left- and right-hand sides of 

the model included patients with diabetes and 

infection were classified as class L, and those 

with Trauma were classified as class U. The use 

of a scale category “other” (as used here) is 

criticized elsewhere
17

 as being an imprecise 

measure which fosters paradoxical confounding. 

It is noteworthy that both the Limited 

(K1, K2) and Unlimited (K3, K4) class catego-

ries are agglomerations of an ordered K-index.
1
 

Agglomerating categories can induce Simpson’s 

paradox whereby analysis findings are obscured, 

exaggerated, or reversed.
18-20

 Au contraire, the 

ODA paradigm neither requires or recommends 

agglomerating class variables or attributes: the 

use of ordered and multicategorical class varia-

bles and attributes is straightforward.
21-23

  

Finally, although it is an inherent and 

immitigable problem for paradigms involving 

linear models, it is nevertheless also noteworthy 

that the model in Figure 1 was developed for a 

sample that necessarily excluded 71.7% of cases 

identified in the initial data extraction from the 
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analysis because they were missing data on any 

of the predictor variables used in the study. In 

contrast, in the ODA paradigm a case is only 

excluded from an analysis if the case is missing 

data on a variable being used in an analysis. 
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